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Calculation of Compressible Adiabatic Turbulent
Boundary Layers

TUNCER CEBECI,* A. M. 0. SMITH,! AND G. MosiNSKisJ
Douglas Aircraft Company, Long Beach, Calif.

A method of solution of the compressible turbulent boundary-layer equations for two-
dimensional and axisymmetric flows, with transverse-curvature effects, is presented. The
Reynolds shear-stress term is eliminated by an eddy-viscosity concept and the time mean of
the product of a fluctuating velocity and temperature term appearing in the energy equation
is eliminated by an eddy-conductivity concept. An implicit finite-difference method is used
in the solution of both momentum and energy equations after they are linearized. Results
are presented for several adiabatic compressible flows, with and without pressure gradients
for Mach numbers up to 5. The results show that the method is quite accurate and fast; a
typical flow can be calculated in one or two minutes on the IBM 360/65 computer.

Nomenclature
Cf = local skin-friction coefficient, rw/%peue

2

cp = specific heat at constant pressure
C = viscosity-density parameter, p/z/pe/*e
/ = dimensionless stream function, see Eq. (15)
g — dimensionless total enthalpy ratio, H/He
h = specific enthalpy
H = total enthalpy, h + u2/2
k = flow index, = 0 (two-dim, flow) and = 1 (axisym. flow)
ki,k% = constants in eddy-viscosity formulas
K = variable-grid parameter, see Eq. (20)
/ = mixing length
L = reference body length
M = Mach number
p = pressure
Pr = Prandtl number, /xCp/Xz
r = radial distance from axis of revolution
TO = body radius
Rx = Reynolds number, uex/ve
RQ = Reynolds number, u<f)/ve
I = transverse-curvature term, (y cosa)/Vo
T = absolute temperature
u = z-component of velocity
v = ^-component of velocity
x = distance along body surface measured from leading edge
y = distance normal to x
a = angle between y and r, i.e., slope of body of revolution
(3 = velocity-gradient parameter, 2%/ue(due/d£)
y = intermittency factor

boundary-layer thickness
C °° / pu\= displacement thickness, I ( 1 — —— I

JO \ PeUe/
dy

kinematic eddy viscosity
ratio of kinematic eddy viscosity to kinematic viscosity,

transformed ^-coordinate
1 - 1 /*°° Pu (^momentum thickness, I -— I 1 —JO Peue \

thermal conductivity
dynamic viscosity
kinematic viscosity
transformed ^-coordinate
mass density
shear stress
stream function

-)Ue/
dy
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Subscripts
c = switching point between the inner and outer eddy-vis-

cosity formulas
i = incompressible
e = outer edge of boundary layer
L = laminar flow
t = turbulent flow
w = wall
°° = freestream conditions
primes denote differentiation with respect to 77

1. Introduction
r IX) obtain accurate solutions of the boundary-layer equa-
A tions for laminar and for turbulent flows is quite difficult.

For laminar flows the problem is strictly mathematical be-
cause the governing differential equations can be written
exactly. For this reason highly accurate solutions of the
boundary-layer equations are possible. With the advent of
high-speed computers, much progress in the calculation of
laminar boundary layers has been made, and quite satisfac-
tory results have been obtained.

On the other hand, because of the limited understanding of
the turbulent process, the problem of turbulent flow is
phenomenological as well as mathematical, and exact solution
of the boundary-layer equations is not possible. The bound-
ary-layer equations for such flows contain a term involving
the time mean of the product of two fluctuating velocities
which is known as the Reynolds shear stress, and a term in-
volving the time mean of the product of a fluctuating velocity
and a fluctuating temperature. At the present, these terms
have not been rigorously related to the mean velocity and
mean temperature distributions. In order to proceed at all,
the solutions must depend on some empiricism. Even then
the solution of the boundary-layer equations is not easy.
Until recently most of the work in this very important area
has avoided the mathematical problem and has concentrated
on momentum and/or energy integral methods by using vari-
ous empirical correlations leading to methods with varying
degrees of accuracy in predicting boundary-layer parame-
ters.! The attractive features of these methods are their
simplicity and their short computation times. Some of them
also can be quite accurate, at least, for two-dimensional in-
compressible turbulent flows as shown in a special conference
on "Prediction Methods for Turbulent Flows" held at Stan-
ford in August 1968. The disadvantages of these methods
are that they cannot be readily extended to many important
problems such as axisymmetric flows with and without trans-
verse-curvature effects, to flows with heat and mass transfer,
to problems with slip at the wall, etc.

§ A summary of these methods as well as other methods that
are of differential form is given by Reynolds1 for two-dimensional
incompressible turbulent flows.
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The present method eliminates many of the disadvantages
of the integral methods by proceeding to solve the full partial-
differential equations. While the computation time of the
present method is still more than that of an integral method,
the difference is quite small and is not a major factor. We use
an implicit finite-difference method to solve the boundary-
layer equations after we eliminate the Reynolds shear-stress
term and the time mean of the fluctuating velocity and tem-
perature by eddy-viscosity and eddy-conductivity concepts,
respectively. This formulation has worked quite well for
two-dimensional incompressible flows with and without heat
transfer as well as axisymmetric flows with transverse-curva-
ture effects, for example, see Refs. 2-5, and hence it is ex-
tended to compressible flows. In the formulation, the bound-
ary layer is regarded as a composite layer characterized by
inner and outer regions. In the inner region, an eddy vis-
cosity based on PrandtFs mixing length theory is used; in the
outer region, a constant eddy viscosity modified by an inter-
mittency factor is used. The eddy-conductivity term is
lumped into a "turbulent" Prandtl number that is assumed to
be constant and equal to 0.9 in this paper.

In principle, the present method is similar to the ones used
by Herring and Mellor6 and Patankar and Spalding.7 The
main difference between the three methods lies in the eddy-
viscosity expression used for each region. In addition, the
transformations used to stretch the coordinate normal to the
flow direction as well as the numerical method used to solve
the boundary-layer equations are considerably different.

It should be pointed out that the present method handles
both compressible or incompressible flows with or without
heat and mass transfer. The results here are presented only
for compressible adiabatic flows. At present the method is
being explored for compressible turbulent flows with heat and
mass transfer and will be reported later.

2. Basic Equations

2.1 Boundary-Layer Equations

If the normal stress terms are neglected, the compressible
turbulent boundary-layer equations for two-dimensional and
axisymmetric flows can be written as

continuity

= 0 (1)
momentum

PU ~bx~ + (pV + <pV))

energy

dx

~~ P .̂ / u ?v^7 (^)

where k = 0 for two-dimensional flow and k = 1 for axisym-
metric flow.

The basic notation and scheme of coordinates are shown
in Fig. 1, where um is a reference velocity, ue(x) is the velocity
just outside the boundary layer, He is the total enthalpy out-
side the boundary layer, and he is the local enthalpy outside
the boundary layer. The coordinates are a curvilinear sys-
tem in which x is distance along the surface measured from
the stagnation point or leading edge. The dimension y is
measured normal to the surface. Within the boundary layer,
the velocity components in the x- and ^/-directions are u and
v, respectively. The body radius is r0.

Fig. 1 Coordinate system for the boundary layer on a
body of revolution.

In these equations, the transverse-curvature effect (TVC)
is retained because of its importance in predicting boundary-
layer growth on slender bodies, such as certain missiles or at
the tail of a streamlined body of revolution. In such cases
the radius of the body may be of the same order of magnitude
as the thickness of the boundary layer, and neglect of this
effect could be quite important.

The boundary conditions are

momentum

u(xft) = 0, v(xfl) = 0, or v(x,Q) = vw (mass transfer) (4)

lim = ue(x)

energy

H(x,Q) = H., or DH/*y(x,G) =
lim H(x,y) = He(x)

(5)

2.2 Formulation of Eddy Viscosity
and Turbulent Prandtl Number

In order to solve Eqs. (1-3), it is necessary to relate
— p(u'v'), the Reynolds shear-stress term, and the —p(v'H')
term to the dependent variables u (or v), and H, respectively.
Here we use eddy viscosity (e) and eddy-conductivity (X«)
concepts, and set —p(u'vf) = pebu/by, —p(v'Hr) = p\tbH/
by. The latter expression can also be written as —p(v'H')
= pe/Prt(bH/by) by defining the turbulent Prandtl number
as Prt = e/X«.

The expression for e in the inner region is based on Prandtl's
mixing-length theory; that is,

= P\by/by\ (6)

where /, the mixing length, is given by I — kiy. A modified
expression for I is used in Eq. (6) to account for the viscous
sublayer close to the wall. This modification, suggested by
Van Driest,8 is

- fay [I - exp(-y/A)] (7)

where A is a constant for a given streamwise location in the
boundary layer, and is defined as 2Qv(rw/pw)~112, with w de-
noting values at the wall. Equation (7) was developed for a
flat plate. Here we modify the constant A to account for
pressure gradient. From the momentum equation it follows
that the shear stress close to the wall may be written as

(dp/dx)y (8)
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Fig. 2 Eddy-viscos-
ity distribution
across a boundary

layer.

If A is defined as 26v(r/p)~l/2, the constant becomes
, -1/2

26? fa + dp. y\~
\P dx p) (9)

(10)

The expression for e in the outer region is based on a con-
stant eddy viscosity, e0,

Then the expression for inner eddy viscosity becomes

I 2 dw

/• oo

*o = &2 |n (ue — u)dy•/ o (11)

modified by Klebanoff's8 intermittency factor 7, approxi-
mated by the following formula

7 = + 5.5 (12)

which is a convenient and sufficiently accurate approximation
to the error function.

The choice of constants ki and &2 in the eddy-viscosity
formulas depends slightly on the definition of the boundary-
layer thickness d. As in several previous studies, for example,
Refs. 2, 3, the values of the constants ki and fe are taken to
be 0.40 and 0.0168, respectively, and d is defined as the ^-dis-
tance for which/' = 0.995.

The constraint used to define the inner and outer regions is
the continuity of the eddy viscosity; from the wall outward,
the expression for inner eddy viscosity applies until ei = eo.
The dividing point is ye. Figure 2 shows a typical eddy-vis-
cosity variation across the boundary layer for a flat-plate flow.

2.3 Transformation of Boundary-Layer
and Eddy-Viscosity Equations

Equations (1-3), which are expressed in the coordinates of
the physical plane, require starting profiles, but these equa-
tions are singular at x = 0. For this reason, we first trans-
form them as in the previous study,2 to a coordinate system
that removes the singularity at a; = 0, stretches the coordinate
normal to the flow direction, and places the equations in an
almost two-dimensional form. We use a combination of the
Probstein-Elliot9 and Levy-Lees10 transformations.

d£ = Pe»eue(r0/L)^dx,d7] = [pu./(2W*](r/L)*dy (13)

If a stream function \f/ is introduced such that

diA/cty = (r/LYpu, d^/ds = -(r/L)*(pv + <PV» (14)

and if \j/ is related to a dimensionless stream function / as

) (15)

then the momentum Eq. (2), and the energy Eq. (3), become
momentum

[(1

energy

*•-« ' - • •
In Eqs. (16) and (17), t is the transverse-curvature term, j3
the pressure-gradient term, C is the viscosity-density term>
and e+ is the ratio of eddy viscosity to kinematic viscosity.
The dependent variables /' and g in Eqs. (16) and (17) are
dimensionless velocity and total-enthalpy ratios, respectively,
defined as /' = u/ue and g = H/He> It can be seen from Eq.
(16) and (17) that setting k = 0 reduces the boundary-layer
equations to two-dimensional form. For axisymmetric flow
with no transverse-curvature effect, k = 1 and t = 0, which
indicates that the ratio of r to r0 is unity, since r = r0 + y cos a
and t in the physical plane is defined as t = (y cosa)/ro-
Furthermore, if e+ is zero, Eqs. (16) and (17) reduce to a clas-
sical form of the compressible laminar boundary-layer equa-
tions.

The present method is developed so that arbitrary fluid
properties may be used. In this study, air is treated as a per-
fect gas, and the fluid properties /* and p are assumed to be
functions of specific enthalpy only; the specific heat of air at
constant pressure, cp) is assumed to be constant and equal to
6035 ft2/sec2°R. The viscosity /* is obtained from Suther-
land's law. The density-enthalpy relation is obtained from
the equation of state and from the assumption that static
pressure remains constant within the boundary layer.
Prandtl number is an input to the computer program.

3. Method of Solution

3.1 Solution of the Momentum Equation

Before we solve Eqs. (16) and (17) by an implicit finite-
difference method, we first linearize (16). Introducing a
translated stream function <p defined by <p = f — 77 and re-
placing the streamwise derivatives by three-point finite-
difference formulas at £ = £n, which permits arbitrary spacing
in the ^-direction, we get

[(1

A«p'n^) - <p"(AlV + A*>_! + A#>^)] (18)

where for simplicity, the subscript n is dropped. At £ = £nr
the quantities AI, Az} and ^3, which are the usual Lagrange
interpolation formulas, are known, and the quantities having
the subscripts n — I and n — 2 are known functions of TJ from
solutions obtained at the two previous stations. Thus, at
J = £n, Eq. (18) is an ordinary differential equation in rj.
There is no problem of starting the solution, because the
terms with streamwise derivatives disappear, since $ = 0.
At the next station, £1, the three-point formulas are replaced
by two-point formulas; at all stations farther downstream
the three-point formulas are used.

To linearize Eq. (18), we assume that certain terms that
make the equation nonlinear are known from the previous
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iteration; that is,

[(i + o*c0(i + *+W
^oV - V - 1] =

A3p'»_2) - <£>o"04l<£ + -^2^-1 + AsVn-z)] (19)

the subscript 0 indicates that the function is obtained from a
previous iteration.

The solution of Eq. (19) is obtained by an implicit finite-
difference method after the dependent variable <p has been re-
placed by the perturbation terms A^ = <p — <p0, A<pf = <p' —
<pQ', etc.^ A finite-difference pattern in the shape of a hori-
zontal T involving three points in the ^-direction and five
points in the ^-direction is used. See Fig. 3. The resulting
algebraic equations are solved by the Choleski matrix method.

3.2 Solution of the Energy Equation

The method of solution of the energy equation is similar to
that of the momentum equation. Again the ^-derivatives
are replaced by finite-difference formulas that are identical to
those in the momentum equation. The energy equation is
also solved b}^ an implicit finite-difference method. How-
ever, this time the five points in the rj-direction are replaced
by three points because the equation is second order. For
details of the solution of both the momentum and the energy
equations see Ref. 12.

3.3 Variable-Grid Spacing in the Tj-Direction

The finite-difference formulas used in both the momentum
and the energy equations contain a variable grid in the ^-direc-
tion, which permits shorter steps close to the wall and longer
steps away from the wall. The grid has the property that
the ratio of lengths of any two adjacent intervals is a con-
stant; that is, Arji = J^A^-i. The distance to the ith grid
line is given by the following formula:

i7i = /&iCK> - l)/(K - 1) i = 0,1,2,3,. . .N (20)

where hi is the length of the first step and i = N when 77; =
77oo. Figure 4 accurately represents the ^-spacing for 77m =
100, ̂  = 0.01 and K = 1.07.

3.4 Starting the Solution

The present method handles both incompressible and com-
pressible laminar and turbulent flows. The calculations
begin at the leading edge or at the stagnation point, where £
= 0, and proceed downstream. At station £ = 0, the flow is
laminar, and it becomes turbulent at any specified station
where £ > 0 by allowing e+ to become nonzero. A calculation
can-also be started at any ^-location, provided that initial

Fig. 4 Finite-difference variable-grid system in the
77 direction.

velocity and enthalpy profiles are specified. Of course, for
incompressible flows with no heat transfer it is only necessary
to specify the velocity profile.

Consider the case when initial velocity and enthalpy pro-
files are known at £ = £n_i and we seek a solution to momen-
tum and energy equations at £ = £n. We first calculate the
fluid properties from the enthalpy profiles at £ = £n_i and
start the computations from the momentum equation. Be-
fore the momentum equation can be solved, it is necessary to
establish the inner and outer regions for the eddy-viscosity
formulas. Since the eddy-viscosity expressions contain terms
like/" and 5*, these two regions are not known until a solu-
tion of the momentum equation is generated. Thus, an
iteration process is necessary. For the first iteration, 5* and
/" are obtained from the solution at £n_i, and inner and outer
regions are established by the continuity of the eddy-vis-
cosity equations. With this information, a solution of the
momentum equation is obtained and consequently a solution
of the energy equation. Then fluid properties are obtained
for that particular solution, inner and outer regions for the
eddy-viscosity formulas are established and the momentum
and energy equations are solved in succession. An iteration
procedure based on the convergence of 5* and /„," is used.
Figure 5 shows the flow diagrams at £ = £„.

It is important to note that as the calculations proceed
downstream, the boundary-layer thickness increases. Since
at £ = £n the initial values of / and its derivatives are obtained
from the values at £ = £«_i, it is necessary to make an as-
sumption for these values for rj > (17 Jn-i, where (1700)n-i is the
transformed boundary-layer thickness at £ = £n_i. For this
reason, at £ = £» the values of / and its derivatives are ob-
tained from £ = £n_i up to vj = (ry^n-i- For 77 > (rjm)n-i, f
is obtained from/ = [77 — (??«,)n-i + /n-i(i?oo)], /' is assumed

( n , i + 2 )

" (n, i + i )

(n, i)

(n, i-l)
(n, i-2)

Fig. 3 Finite-difference molecule for the momentum
equation at (ra9i).

t The reason for choosing <p rather than/, and A^> rather than
<p, is that the round-off errors are reduced.

Fig. 5 Flow diagram
for solving the bound-
ary-layer equations at

CALCULATE FLUID PROPERTIES AND
ESTABLISH INNER, OUTER REGIONS
FOR THE EDDY-VISCOSITY FORMULAS

REPEAT THIS CYCLE UNTIL
CONVERGENCE IS OBTAINED

THEN GO TO * = * „ . .
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EDGE OF THE
BOUNDARY LAYER

[(-9)n-(7?oo)n_|+fn.| (,, fl, f = I, f" = f"

Fig. 6 Diagram showing the method of generating the
initial coefficients of the momentum equation at £ =

to be unity, and/" and/'" are assumed to be zero (see Fig. 6).
The latter assumption is accurate, since/" and/"' approach
zero as 77 —»• rjm.

4. Accuracy of the Numerical Method

The ultimate test of a numerical method is a comparison of
calculated results with exact solutions and with experiments.
For laminar flows, there are many analytically obtained solu-
tions, as well as solutions obtained by well-tested and well-
established numerical methods. On the other hand, there
are no exact solutions for turbulent flows at all, and all one
can do is to compare the calculated results with experiments.
Since the turbulent boundary-layer equations must contain
some empiricism in them because of the fluctuation terms, it
is necessary to establish the accuracy of a numerical method
before one can investigate the validity of the assumptions
made for the fluctuation terms. In addition, it is quite useful
to study the characteristics of the numerical method such as
computation speed, rate of convergence, etc.

Such a study has been made for the present method in Ref.
12. Various incompressible and compressible laminar flows,
and incompressible turbulent flows have been calculated by
this method, and comparisons with exact solutions, numerical
solutions, as well as experimental flows have been made. In
all cases, the method was found to be completely satisfactory
for both laminar and turbulent flows. The investigation
showed also that the computation time was very small. In
general, a typical flow, either laminar or turbulent, consists
of about twenty ^-stations. The computation time per sta-
tion is about one second for an incompressible laminar flow
and about two to three seconds for an incompressible turbu-
lent flow on the IBM 360/65. Solution of energy equation
in either laminar or turbulent flows increases the computation
time about one second per station. For further details, such

M e = 1.982
R9 = 8570

O DATA OF COLES, TEST 30
——— PRESENT METHOD

C f = .00202 (EXPERIMENTAL)

Fig. 7 Compari-
son of results for
the flat-plate flow
measured by
Coles.13 Skin fric-
tion was mea-
sured by floating

element.

Cf x 10'

O DATA OF MOORE & HARKNESS
——— PRESENT METHOD

Re x ICT

Fig. 8 Comparison of results for the flat-plate flow
measured by Moore and Harkness.14 Skin friction was

measured by floating element.

as effect of A£ and AT? spacings on the computation time,
accuracy, rate of convergence, see Ref. 12.

5. Comparison of Calculated
and Experimental Results

The method discussed in previous sections has been used to
compute a large number of adiabatic compressible turbulent
flows. Due to the scarcity of experimental data with pres-
sure gradients, most of the experimental data considered in
this paper are flat-plate flows that cover Mach numbers up
to 5. Only one two-dimensional accelerating flow and one
axisymmetric flow with and without transverse curvature
effect is considered.

5.1 Flat-Plate Flows

For constant-velocity flows with different Mach numbers
and different momentum-thickness Reynolds numbers, we
have considered a large number of experimental data and
made comparisons of velocity profiles, Mach profiles, and
local skin-friction values. In the latter case, except for a
few cases, comparisons were made with those values of local
skin-friction coefficient obtained by the floating element tech-
nique. Figures 7-15 show comparisons of calculated results
with experimental data.

Figure 7 shows a comparison of calculated and experi-
mental velocity and Mach profiles and local skin-friction coeffi-
cient for the boundary layer measured by Coles.13 Skin-

O DATA OF MATTING ET A L , R X = 31 x ICT
——— PRESENT METHOD

Cf =0.00129 (EXPERIMENTAL)

Cf =0.00131 (CALCULATED)

8 12

y/0
20

8 12
y/0

Fig. 9 Comparison of results for the flat-plate flow mea-
sured by Matting et al.15 Skin friction was measured by

floating element.
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O DATA OF WINTER ET AL
——— PRESENT METHOD

1.0 L-
20 60 80 100

Fig. 10 Comparison of results for the flat-plate flow mea-
sured by Winter et al.16 Skin friction was measured by

floating element.

friction coefficients were meased by floating element. Com-
putations in this case and all cases reported in this paper were
made by starting the flow to be compressible laminar at x =
0, and specifying the flow to be turbulent at the next ^-station,
which was arbitrarily taken to be x = 0.001 ft. The compu-
tations were than carried downstream until the experimental
Re was obtained. Where experimental values of Re were not
reported, the procedure above was used in matching the ex-
perimental Rx. Then at that ^-location calculated results
were compared with the experimental data.

Figure 8 shows a comparison of local skin-friction values
for the boundary layer measured by Moore and Harkness14 at
a nominal Me = 2.8 indicating that agreement is also good for
very high Reynolds numbers. The experimental skin-fric-
tion was obtained by floating element.

Figure 9 shows a comparison of calculated and experimental
velocity and Mach profiles and local-skin-friction coefficient
for the boundary layer measured by Matting et al.15 The
experimental skin friction was measured by floating element.

Figure 10 shows a comparison of local skin-friction values
for the boundary layer measured by Winter et al16 at Me =
2.2. The experimental skin-friction values obtained by float-
ing element are in good agreement with the calculated values.

Figure 11 shows a comparison of calculated and experi-
mental velocity and Mach profiles and local-skin-friction value
for the boundary layer measured by Stalmach.17 Again the
experimental skin-friction value was obtained by the floating
element.

Figure 12 shows a comparison of calculated and experi-
mental velocity and Mach profiles for the boundary layer mea-
sured by Nothwang18 at Me = 3.03.

Figure 13 shows a comparison of calculated and experi-
mental velocity and Mach profiles as well as skin-friction value

Fig. 12 Com-
parison of results
for the flat-plate
flow measured by

Nothwang.18

Me=3.03

DATA OF NOTHWANG, RX = I0.2 x tO6

-PRESENT METHOD

S*= .00536 FT (EXPERIMENTAL)
8* = .00530 FT (CALCULATED)

8 12
y/0

for the boundary layer measured by Shutts et al.19 Experi-
mental profiles as well as experimental skin-friction value ob-
tained by floating element are in good agreement with the
calculated results.

Figure 14 shows comparisons of calculated and experimental
Mach profiles and momentum-thickness variation for the
boundary layer measured by Michel.20 While the agreement
in 0-values is remarkable, the agreement in Mach profiles is
only fair.

The present method was also used to calculate the boundary
layer measured by Dhawan21 whose measurements were made
at low Mach numbers, 0.2-0.8. Figure 15 shows a comparison
of calculated and experimental velocity profiles at three Mach
numbers, namely Me = 0.41, 0.635 and 0.795 which corre-
spond to momentum-thickness Reynolds numbers of 1600,
2010, and 2210, respectively, together with a comparison of
calculated and experimental skin-friction values, obtained by
floating element. The agreement in both cases is good.

5.2 Accelerating Flows

Figure 16 shows the results for an accelerating flow mea-
sured by Pasiuk et al.22 Calculations were started by assum-
ing an adiabatic flat-plate flow that matched the experimental
momentum-thickness value at x = 0.94 ft. Then the experi-
mental Mach number distribution was used to compute the
rest of the flow. The edge Mach number varied from Me =
1.69 at x = 0.94 ft to Me = 2.97 at x = 3.03 ft. Figure 16a
shows a comparison of calculated and experimental displace-

Fig. 11 Com-
parison of results
for the flat-plate
flow measured
by Stalmach.17

Skin friction was
measured by
floating ele-

ment.

= 1.737

G DATA OF STALMACH, R^
PRESENT METHOD

C f = .00256 (EXPERIMENTAL)

Cf = .00251 (CALCULATED)

= 3.4 x I03

20

Fig. 13 Compari-
son of results for
the flat-plate flow
measured by Shutts
et al.19 Skin fric-
tion was measured
by floating ele-

ment.

0.5

- PRESENT METHOD
O DATA OF SHUTTS ET AL

R0 = 1.74 x I04

Cf = O.OOI58 (CALCULATED)
Cf = 0.00156 (EXPERIMENTAL)

___t_____l_____i—————I———
4 8 12 16

y/a
20
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Me= 1.85

O DATA OF MICHEL

PRESENT METHOD

0.5

9- 0.4
mm

0.3
0.2

150 200 250 300
x~ mm

0 1.0 2.0 3.0 4.0 5.0 6.0 7.0
y - m m

Fig. 14 Comparison of results for the flat-plate flow
measured by Michel.20

ment thickness and momentum-thickness values together
with a comparison of calculated local skin-friction values with
those obtained from the momentum integral equation by
using the experimental data. Figures 16b and 16c show a
comparison of calculated and experimental velocity and tem-
perature profiles, respectively, for three ^-stations. While
the agreement in velocity profiles and temperature profiles
seemed good, the calculated wall temperatures are only in fair
agreement with experiment. In dimensionless form they are
given in Table 1.

5.3 Axisymmetric Flows with and
without Transverse-Curvature Effects

Figure 17 shows the results for a waisted body of revolution
measured by Winter, Smith, and Rotta.23 The experimental
skin-friction values were obtained by the "razor blade" tech-
nique. The calculations were started by using the experi-
mental velocity profile at x/L = 0.4. The enthalpy profile
at x/L = 0.4 was obtained from the energy equations by
using the experimental velocity profile at the same re-location.
Calculations were made with and without transverse-curva-
ture effects.
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Fig. 15 Comparison of results for the flat-plate flow
measured by Dhawan.21 Skin friction was measured by

floating element.
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Table 1 Comparison of calculated and experimental wall
temperatures for the data of Pasiuk et al.22

X, ft
% Error

Qwexp

1.94
2.94

0.965
0.958

0.912
0.902

-5.8
-6.2

Figure 17 shows that the calculated skin-friction values are
in good agreement with experiment. Whereas the calculated
skin-friction values without TVC effect agree quite satisfac-
torily with the experimental values, the agreement is some-
what better with the TVC effect. The results also show that
the effect of transverse curvature markedly affects the mo-
mentum-thickness values. Without this TVC effect, the
calculated 0-values deviate considerably from the experi-
mental values, especially at locations where the radius of the
body is quite small, for example when x/L = 0.6-0.8. With
the TVC effect, the agreement in 6 is much better. It is also
interesting to note that the computed 0-values without the
TVC effect agree quite well with the calculated 0-values re-
ported in Ref. 23, indicating the importance of transverse-
curvature effect.

5.4 Summary of Skin-Friction Results

Figure 18 shows a summary of calculated and experimental
skin-friction coefficients for compressible adiabatic turbulent
flat-plate flows studied in this paper. The experimental skin-
friction values were all measured by the floating element tech-
nique except for those obtained by Kistler,24 which were ob-
tained from velocity profiles. The calculated values cover a
Mach number range of 0.41 to 4.67 and a momentum-thick-
ness Reynolds number range of 1.6 X 103 to 702 X 103.
The rms error based on 43 experimental values, all obtained
by the floating element technique, is 3.5%, which is within the
experimental scatter.

Figure 19 shows a comparison of the ratio of calculated and
experimental compressible skin-friction coefficient to its in-
compressible value at the same ^-Reynolds number as a func-
tion of Mach number together with the Spalding-Chi corre-
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Fig. 17 Comparison of results for the waisted body of
revolution measured by Winter, Smith, and Rotta.23

The skin-friction values were obtained by the "razor
blade" technique.
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Fig. 18 Comparison of calculated and experimental local
skin-friction values. The rms error based on 43 ex-
perimental values obtained by the floating element

technique is 3.5%.

lation.25 The incompressible skin friction values were ob-
tained from Ref. 26. The calculated and experimental skin-
friction ratios compare quite well. It is remarkable that
when the calculated values deviate from the Spalding-Chi
correlation, so do the experimental values.

6. Concluding Remarks

A numerical solution of the turbulent-boundary-layer equa-
tions based on a particular eddy-viscosity formulation and the
assumption of a constant turbulent Prandtl number is pre-
sented for compressible flows with no heat transfer. A large
number of flows computed by this method27 show that the
method is quite accurate, as it was in incompressible flows
with and without heat transfer. It is remarkable that a sim-
ple eddy-viscosity formulation based on flat-plate data can
give such satisfactory results.

While it is difficult to say to what IOWT Reynolds numbers
the present eddy-viscosity formulation holds true, the results
indicate that to ^-values as small as 1600 the calculated re-
sults agree quite well with experiment.

The results further indicate that the present eddy-viscosity
formulation accounts quite well for the effect of compressi-
bility, at least within the Mach number range considered.
Figure 20 shows a comparison of two calculated velocity pro-
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Fig. 19 Comparison of skin-friction variation with Mach
number. Open symbols denote the calculated values and

the solid symbols denote the experimental values.
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Fig. 20 Compressibility effect on the velocity profiles.
Experimental data is due to Coles.13

files at the same Re, one for incompressible and the other for
compressible flow. Due to the compressibility effect, the dif-
ference between the two profiles is quite appreciable, and
eddy-viscosity accounts very well for this effect.
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